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Counting and Adding in Decimal and Binary

NOTE TO INSTRUCTORS: These materials are meant as notes for a discussion-type class session, not as notes for a lecture by the Instructor. The goal here is NOT for you as the Instructor to show the right methods to the class, but instead to get each person in the class to participate. Emphasize that, while there will be some initial confusion and learning, students should be able to do the problems at the end of class, in class, not just take notes to study later. A good technique is, frequently have each person in the class to privately write down their answer, then have someone give their answer, then ask for comments and discussion, and then if students have any problems, for the Instructor to work the answer out, emphasizing first principles.

NOTE TO STUDENTS: While this topic may seem hard and confusing at first (it is also challenging and absorbing), if you don’t give up, here is a promise that you may not believe in the beginning, but that most will agree with by the end: you will ask your Instructor to put more binary problems on homework, quizzes and exams, because you will be able to get the right answer, and more importantly, you will be absolutely sure that it is the right answer. How many other topics can you say that about?

I. Counting and adding in decimal and binary. Computers use binary so we will learn to use binary, and later extend this into how computer circuits and then computers themselves work.

A. For a computer, the first number is zero! Deal with it! In this course, zero, not one, is the first number.

B. First, how does the decimal system work? This is important, because if we understand the decimal system well, the binary system has only one important difference. Humans use the decimal system because it is compact, compared with binary – many useful numbers can be written with few symbols.

1. Symbols – what are the symbols we have for numbers? What are the simplest symbols – 0, 1, 2, 3, …, 9. How many are there? (Answer: ten – that is why it is called the decimal system.) For higher numbers we combine symbols – compound symbols.

2. Counting. Yes, counting. 1, 2, 3, 4, …, 9. Then what do we do, after 9? (Answer: 10, a compound symbol, made up of two simple symbols, 0 and 1.) How do we decide to do it this way?

3. Carry and Reset. This is how we decide to “do it this way.” When we run out of simple symbols (0 – 9) we:

a) Carry a 1 to the next column, the one to the left 
and

b) Go back to the beginning (zero or 0) in that column. After the Carry we continue in that column, counting up normally.

4. More practice, to check that this is really the way that the decimal system works. In counting, what number comes after:

a) 19? Does 3a and b work here?

b) 39? Does 3a and b work here?

c) 99? Does 3a and b work here?

d) 999? Does 3a and b work here?

5. Place value. Once we have the number system set up, we can see that each column has its own “place value:” the first column (from the left) is the units column, next comes tens, then hundreds and so on. The decimal number system is often called a “place value” system. Binary is also a place value system.

6. Addition  Once we have counting figured out, addition follows pretty directly. To add 4 + 3, for example, count to 4 and then count 3 more. Sure enough, you get to 7. And we use “Carry and Reset” exactly the same way. To check, try these addition problems to see that you know how the decimal system works:

a) 15 + 7

b) 13 + 29

c) 56 + 47

7. If you go back and think about how you did these additions, we all follow these same rules (well, maybe not everyone follows c, but you know you should, so you won’t forget):

a) Work each column by itself from left to right

b) In each column, use the “Plus Tables”

c) Write down each Carry so you won’t forget it

These same rules will get you through binary addition.

C. Binary number system - computers use this because it can be represented by switches - simple, fast and cheap on-off devices. Cheap is important – a home computer today might easily have one trillion switches. So, now that we understand the decimal system, on to binary!

1. Symbols - 0 and 1 only are the simple symbols in the binary number system. This is the ONLY difference between the binary and decimal systems. If you understand Carry and Reset when you run out of simple symbols, you are all set.

2. bit, Byte (eight bits or about one alphabetic character), kb (kilobit or 1000 bits), kB (kiloByte or 1000 Bytes), MB, GB. Normally each size increases times 1,000 (technically, the 1000 is really 1024 but we will often neglect that small difference here).

3. Up front, here are two hints for succeeding in binary:

a) 1 in binary is like 9 in decimal – the point at which we run out of simple symbols and have to Carry and Reset.

b) You may remember the “Times Tables” from elementary school. Well, the year before that you also memorized the “Plus Tables:” 2 + 3 = 5, 4 + 3 = 7, 6 + 7 = 3 with a Carry and so on. Here are the simpler binary addition “Plus Tables:”

(1) Zero + anything = that same thing, so:

(a) 0 + 0 = 0

(b) 0 + 1 = 1

(c) 1 + 0 = 1

If you really want to, you can memorize these three separately, but do you really want to make life harder for yourself? This “zero rule” rule also works for decimal, by the way.
Simple version: If you have to add a zero, skip it (works for decimal too).

(2) 1 + 1 = 0 (Reset) with a Carry to the next column. This is different that decimal, but similar if you remember that 1 in binary is like 9 in decimal – they are the points at which we run out of simple symbols.

(3) 1 + 1 + 1 = 1 with a Carry to the next column. This rule is not needed for counting, but it will be needed later, for addition.

4. Counting.

a) What is the first number? (Answer: 0, since we are pretending to be computers.)

b) Using (b) above, the second number is 1. So far so good, but now we have run out of simple symbols. What do we do when we run out of simple symbols? (Answer: Carry and Reset.)

c) So in binary, to get the number after 1 we Carry a 1 to the next column and Reset the first column to zero, so the answer is 10. Now, after the Reset in the first column, we continue counting in that column normally, so the next number is:

d) 11, since 1 is the number after 0. Really, we just did this in 4 b). But now we have run out of numbers again – so soon, but that’s binary!

e) We could  figure this next one out, but first we’re going to cheat. 1 in binary is like 9 in decimal – the point at which you run out of simple symbols. So 11 in binary is like 99 in decimal. What is the decimal number after 99? (Answer: you provide the answer here.) Well, it’s the same thing in binary, except in binary it means the same as 4 in decimal (we’ll get to this later). Now we are going to work it out to see that cheating works, at least here.

(1) Starting from 11, first we carry a 1 from the first column (on the right) to the second column (the one on the left). But we already have a 1 there, so we have to add 1 + 1.

(2) Adding 1 + 1 in the second column, we Carry 1 to the third column and Reset the second column to 0. All of this takes care of the Carry from the first column to the second column. That was a complicated carry to do!

(3) Finally, we Reset the first column to 0.

(4) So we end up with 100, the same as we got by cheating. And we are ready to pick up counting from 0 in the first column.

EDITORIAL: We shouldn’t let all of this stuff about cheating go to your head – that was just to “hook” you. The problem with cheating is that you won’t feel confident in using the information outside of class, so it’s like you never had the class.

f) In counting by binary, what is the number after 100?

g) What is the number after that one?

h) What is the number after that one?

i) What is the number after that one? (Hard!)

j) What is the number after 110110?

k) What is the number after that?

l) For future reference, here is a table of binary and decimal numbers:

	Decimal
	Binary

	0
	0

	1
	1

	2
	10

	3
	11

	4
	100

	5
	101

	6
	110

	7
	111

	8
	1000

	9
	1001

	10
	1010


(1) Place value. Binary is a place value system, just like decimal. The first column is units, then two, then fours, then eights – it doubles every column. There is a practical use for this: all even numbers end in 0 in binary (nothing in units) and all odd numbers end in 1.

5. Addition in binary.

a) Just like decimal addition, do binary addition problems step by step:

(1) Work each column by itself from left to right

(2) In each column, use the “Plus Tables”

(3) Write down each Carry so you won’t forget it

b) Here are some examples. Work these out with your Instructor in class. The answers are given in parentheses afterwards. And remember, the important thing here is to be able to work these out yourself, right now, in class, so that you can be ready for quizzes and exams.

(1) 10 + 10 (100)

(2) 11 + 10 (101)

(3) 110 + 11 (1001)

(4) 11 + 11 (110 – you have to use 1 + 1 + 1 = 1 with a Carry here)

(5) 101 + 10 (111 – an easy one, right?)

(6) 1100 + 1101 (11001)

(7) 101 + 111 (1100)

D. Numerals and numbers

1. Look at example addition example (2) above – 11 + 10 = 101. Translate each binary number into decimal using the table in 4 l). 11 in binary corresponds to 3 in decimal, and 10 in binary corresponds to 2. In decimal, 3 + 2 = 5, and 5 in decimal corresponds to 101 in binary. But this is just the answer we got doing binary addition!

2. Look at the others – (1), (3), (4) and (5). The binary and decimal answers agree. The answers for (6) and (7) are too high to be included in the table, but if we extended the table, they would match also.

3. This should be very interesting for you – the numbers in each problem work out the same, even though they are represented differently in the binary and decimal systems. This is the basis for saying that we can have a binary representation of a number, or a decimal representation, but the number is the same, independent of its representation.

4. Here is another way of saying the same thing: the number is a quantity, and quantity has an existence in its own right, independent of how we represent it. A numeral is a symbol (possibly a compound symbol) that represents the number, but the same number has different numerals in decimal and binary.
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